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An analytical  solution of the problem stated in the t i t le  is obtained for  var ious  conditions at 
the ends of the cyl inder .  The method of asymptot ic  solution of boundary-value problems for 
ell iptic equations in thin domains is  t rans la ted  to  the case of boundary conditions of the third 
kiiad, 

In many calculations of t empe ra tu r e  distr ibutions one is confronted with bodies of complex configur-  
ation, and the i r  d i rec t  analysis  is r a the r  complicated.  Of enormous prac t ica l  significance a r e  investigations 
of t e m pe r a tu r e  f ields in composi te  and layered  bodies such as the pipe fittings of l iquid-metal  sys tems  with 
s t ruc tura l  me mber s  of complex geometry  [1]. The existing the rma l  calculations of complex bodies a r e  
ca r r i ed  out by the one-dimensional  approximation with the introduction of an effective the rma l  conductivity.  
The possible domain of application of the one-dimensional  solutions and the e r r o r  have only been est imated 
for  solid cyl inders  [2]. Similar  es t imates  and calculat ions have essent ia l ly  never  been undertaken for  
double cy l inders .  However ,  the exact  solutions for double cyl inders  a re  applicable only for  a l imited 
category of p roblems  involving boundary conditions of the f i r s t  and second kind. One-dimensional theor ies  
can be used for  a double cyl inder  if one dimension is  p re fe ren t ia l  over  the others  for  the element  inves t i -  
gated.  If the one-dimensional  approximation does not have sufficient accuracy ,  a mult idimensional  problem 
is formulated on the basis  of information f rom the one-dimensional  approximation.  The design of piping 
sys tems  is fraught with prac t ica l  situations in which it is acceptable to l imit  the problem to small  c o r r e c -  
t ions to the one-dimensional  theory  without r e so r t ing  to solution of the complete problem.  

The method of boundary- layer  cor rec t ions  has been applied [3] to a boundary-value problem for  a 
second-orde r  ell iptic equation in a thin domain with boundary conditions of the second kind on the sur face .  

0 

Fig.  1 .  Schematic of the 
p rob lem.  

An analysis  of the indicated method shows that it can also be applied to 
p rob lems  involving conditions of the third kind for  a sufficiently small  co-  
efficient of the sought function. The solution is found in two i te ra t ive  p ro -  
cesses ;  in the case of conditions of the third kind the c r i t e r ion  for  solvabi l-  
i ty of p roblems  of one of the p r o c e s s e s  turns  out to be the equation of the 
corresponding one-dimensional  theory ,  and the subsequent i tera t ions  make 
it  possible to  find success ive cor rec t ions  to the one-dimensional  solution. 
Below we give a solution of the heat-conduct ion for  a two- layered  cyl inder  
by the method of boundary- layer  co r rec t ions .  

We consider  the s teady-s ta te  t em p e ra tu r e  distr ibution in a double 
cyl inder  of radius r 2 and length I with a constant hea t - t r ans f e r  coefficient 
on the la te ra l  sur face .  The cyl inder  is composed of two coaxial sections 
with different  heat conductivtt ies X (see Fig.  1). The lower end of the double 
cyl inder  is maintained at a constant t em p e ra tu r e  T 0. 

The dimensionless  excess  t empera tu re  $ obeys the equation 
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and the  bounda ry  condi t ions  

I f  we a s s u m e  tha t  

8O 

d r  [, '=r, = "  ' 

~ = [ t~ 1, O <( r < r,, 

[ 02, r l / ~ r < r ~ ,  

the  p r o b l e m  can be r educed  to  the  solut ion of two equat ions  fo r  d o m a i n s  I and II: 

1 0 ( r  OOi ~ c)2~: - - 0 ,  i =  1.2 
r Or \ -&-r  ) ': ax" 

with condi t ions  f o r  m a t c h i n g  of the  t e m p e r a t u r e  and hea t  f lux at the  i n t e r f a c e  of the  two  c y l i n d e r s :  

" = dr I ,=. ,  "-" Or ' . = , .  " 

V a r i o u s  h e a t - c o n d u o t i o n p r o b l e m s  can be f o r m u l a t e d  f o r  the  double cy l inde r ,  depending  on the  bounda ry  
condi t ion at  t he  end s u r f a c e  x = l .  

1. Le t  it be  supposed  tha t  an a r b i t r a r y  t e m p e r a t u r e  d i s t r i bu t ion  is  g iven a t  the  u p p e r  end: 

~l,~=z = f ( r ) .  

A solu t ion  of p r o b l e m  (2)-(5) can  be  found by the  s e p a r a t i o n  of v a r i a b l e s  [5]: 

(r, X) = sinh ,u n - -  

2 
X t q (r) f (r) R,~ (r) dr @ sinh ,u,z l --~_X 

O 

~' R,, (r) 

X ;q(r)R,,(r)dr I ". . 
o sinh ~,, l_ t q (r) R~ (r) dr 

I"  2 , 
0 

w h e r e  ~n r e p r e s e n t s  t he  p o s i t i v e  r o o t s  of the  t r a n s c e n d e n t a l  equat ion 

Bi 

/{[k.~. J~ (ko~) Yo (k~,u) - -  J0 (k.u) V~ (kja)] Jx (,u) - -  Jo (k.,u) Jt (k~,~) (k~. - -  1) Y1 (~)} 

and we have  put k~ = ~tl//~.2 and k a = r i / r  2. The  e igenfunc t ions  of the  p r o b l e m  

w h e r e  

[ 1, <.,, 
\ r2 / 

[ J0(k~(,, ) J0 ~ - - % . Y 0  , % - -  , G < r < G ,  
( ' . ,  r e 

O) n = 
Bi J0 (~%) - -  ft. Jx (P,,) 

Bi Yo (if,,) - -  ~t,, Y1 (P,~) 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) 

a r e  o r thogona l  on the  i n t e r v a l  [0, r2] with weight  

q(r) = I rkk, 0 ~ r ~ rl, 
r ,  r l < r  < r ~ .  (9) 

The  given so lu t ion  enab l e s  us  to  c a l c u l a t e  the  t e m p e r a t u r e  d i s t r i bu t ion  in a c o m p o s i t e  c y l i n d e r  when the  
t e m p e r a t u r e  d i s t r i bu t ion  i s  spec i f i ed  in e a c h  s t a g e .  T h i s  fac t  p e r m i t s  the  u s e  of an i t e r a t i v e  p r o c e d u r e  
f o r  the  ca l cu la t ion  of the  t e m p e r a t u r e s  in a c o m p o s i t e  double  c y l i n d e r .  
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2,  
boundary condition of the second kind 

Let the upper end be thermal ly  insulated. Now condition (5) is is superseded by the homogeneous 

a ~  = O. ( i 0 )  
OX ~x=l 

We find the solution by separation of var iables :  

cosh,u n l - .v] q (r) R .  (r) dr  

ff (r, x) = " R,,  ( r ) ,  (11)  
�9 ~ l "~ 

,=1 cosh ].t,, ~ .i' q (r) .P,~ (r) dr  
/"~ 0 

where gn is  determined f rom the t ranscendental  equation (7) and the eigenfunctions Rn(r  ) a re  evaluated 
f rom relat ion (8). 

Under the condition Bt ~ 0  the ser ies  converges so rapidly that only its f i rs t  t e r m  needs to be retained.  
The coefficient #l is determined f rom the t ranscendental  equation (7) by the perturbation method. A small 
value of the cr i ter ion Bi corresponds  to natural  convective heat t r ans fe r  in meta l s .  The resul t ing solution 
can be used for  the analysis  of a low- tempera ture  piping, sys tem with the use of a the rmal  insulating 
mater ia l .  

3. The most  interest ing case occurs  when convective heat t r ans fe r  takes place at the upper end: 

i ~_~ Ox=/' O < r < r l ,  
Off ! I ) ' i  

6'x Ix= l I ~ i 
I Zo ffix=Z' r !  < r < r~. (12) 

The cylinder is assumed to be slender,  i . e . ,  the rat io of the radius r 2 to the length I of the cylinder is con- 
sidered to be a small pa rame te r  s.  We find an asymptot ic  solution of the problem for  small e. Following 
Dzhavadov [3], We represent  the solution $ in the sum fo rm 

= vz @ v, (13) 

where v is a function of the boundary- layer  type.  

For  the function w Eq. (1) a ssumes  the following form with the introduction of dimensionless  coo r -  
dinates r = r/r~., x = x / h  

- -~  Or  k Or ) § ~ -  - O. (14) 

Now the boundary conditions (2), (4), and (12) a re  rewri t ten  

=]7=o finite, ~ -  7--i = -- Ae~wJT=l ; 

Ae ,I 
=1 ,  ~,:, I = -- k~ ~i;=z'O < 7 < k ~ ;  I (i5) 

wt>k~-o = ~l;-k_ ~,-,o, k~ ~ a ~  aw I~_  
o r  ;=<~-o o r  ! < +o 

where As 2 = r2~/X 2 = Bi; As = oil~X2. 

To find the function v we introduce the dimensionless coordinates 

Then Eq. (1) is rewri t ten 
1 0 

P Op 

r l - - x  
, o = - - ;  ~--  (i6) 

F2 &z 

P :- O~ 2 0 < ~ < o o  ' 

and the botmdary conditions acquire the fo rm 
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~ !  Ov I 

Ae  2 

- -  de"- ( w l ; _  1-:  v; ' k= -/, ~ I; �9 . . ~r < P ' - -  

Ov o l a o q =  ~ - - a g 2 ~ ) l p : = I  ' ~)LO=O finite; 

v[o=;~_o=::i~=l,~=_o, le~. av I -- av i 
' ' Op to=k~-o Op t (18) io=/e a HL  

The funct ions  w and v a r e  eva lua ted  by d i f fe ren t  i t e r a t ive  p r o c e s s e s .  We r e f e r  to  the p r o c e s s  used  to  find 
w as  the  ou te r  expans ion ,  and to  the  p r o c e s s  f o r  v as  the  inner  expans ion .  

We begin  the  solut ion of the  p r o b l e m  by f inding the outer  expans ion .  We r e p r e s e n t  the  funct ion w in 
the  f o r m  

w = w o -!- ew~ -;- g-'w 2 -!- . . . .  (19) 

Subst i tut ing the  s e r i e s  (19) into Eq .  (14) and the  boundary  condi t ions  (15) and equat ing coef f i c ien t s  of l ike 
p o w e r s  of e, we a r r i v e  at the  fol lowing p r o b l e m  fo r  the  d e t e r m i n a t i o n  of Wo (we drop  the b a r s  over  the 
d i m e n s i o n l e s s  va r i a b l e s ) :  

A f t e r  in t eg ra t ion  we have 

1 0 (r 0~o ) 

~o!,.=o finite, am~ == O; 
Or r =  1 

w,,],=k,_ o .... Wo[~=,,~+ o, k; Owo _ 
" Or [r=ka_ 0 

Owo ] 

Or I~=ko+~" (20) 

~'o = ~0 (x). (21) 

F o r  the  funct ion wl, ana logous ly ,  we obtain the  fo l lowing dependence  on the longi tudinal  coord ina te :  

w! = ~'1 (x). (22) 

Now fo r  the th i rd  t e r m  w 2 of the ou te r  expans ion  the  p r o b l e m  a s s u m e s  the  f o r m  

1 0 ( Ow., dU Wo 
r Or r ~ - )  = dx 2 , (23) 

a~v z 
finit< - E - ,  .=, = - A G  I.<; 

w2] ,=k_o = w~j,. ~. + o, k~ c}% Ow~ 
Or r=#a_ o - Or r=k~+o (24) 

The  in t eg ra t ion  of Eq.  (23) subjec t  to  condi t ions  (24) y i e ld s  

w h e r e  

f 
I 
I w.a= I 
I 

~=dGo r 2 ~., (x), 0 < r ~ l% 
dx ~ 4 - 

d2u)o r 2 
C 1 In 4 -}- w2 (x), k~ < r <  I, 

dx  ~ 4 , %  

(25) 

o 

C 1 = (1 - -  & )  d%~ 
dx ~ 

The condit ion fo r  so lvabi l i ty  of p r o b l e m  (23)-(24) l eads  to  the  fo l lowing equat ion fo r  the de t e rmina t ion  
o f  w0: 
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c~w o 
dx ~ --- m2Wo = O, (26) 

where  m 2 = 2A/1--(1--kh)k2a, because  [1--(1--kx)k2a] > 0 and A > 0. 

Let w0(x) sa t is fy  the following conditions with r e spec t  to x: 

wo Ix=o = I, dw~ = O. (27) 
dx x=l 

The solution of th is  p rob lem is  given by the re la t ion  

~o(X ) = c0sh m(1 ~-x)  (28) 
cosh rrl 

The given solution co r r e sponds  to the t e m p e r a t u r e  dis tr ibut ion in a rod with a t h e r m a l l y  insulated 
end sur face  [6]. I t  follows t h e r e f r o m  that  for  a smal l  value of the Blot c r i t e r ion  the one-d imens ional  
approximat ion  can be used fo r  a double rod .  An analogous r e su l t  i s  obtained f r o m  (11) for  the l imit ing 
si tuat ion Bi -~0. 

For  the function wl (x) we obtain an equation of the type (26) with the boundary conditions 

~ ,  [x=O = O; ~ x=l = ql, (29) 

where  ql i s  to be de te rmined  l a t e r .  

We now consider  the i t e ra t ive  p r o c e s s  for  the function v.  We r e p r e s e n t  v in the f o r m  

v = e~v0 4 e3vl --[. �9 �9 
The equation for  v 0 t akes  the f o r m  

p Op \ oe / -o~', o < ~ < o o  , ' 

and the boundary conditions a r e  r ewr i t t en  

(30) 

(31) 

OV~ ~=o = ql + 

vo ]o=o finite, 

~ O l P = k a _  O ---~ Uolp=tta~_O , k~, OU~O { ~- 
Op {p=%-o 

-A-A ~o(1), O < p < k ~  
k~ 

A~o(1), ka<p< {; 

Vo!~ -+ O, OVo = O; 
Op o=1 

Ov o 
op 10= o+o" (32) 

The eigenfunctions of this problem are orthogonal on the interval [0, 1] with weight 

{ 9k~, 0 < p < k a ,  
r (p) = 

p, k ~ < p <  1. 

The condition for  solvabil i ty of p rob l em  (31)-(32) yie lds  

? Y ; A ~0(1) PkxdP § ~ o  (1) pdp ---- O, pkxqld9 -~ 9q,d9 -~ - ~  
0 k a 0 k a 

w h e n c e  
m ~ _ m 2 

ql - -  W o (1) - -  
2 2 coshm 

(33) 

The solution for  w--t (x) can be r ep re sen t ed  in explicit  f o r m  by means  of the value found fo r  qt: 

- -  m 
�9 " rex. (34) 

W 1 (X) = 2 C0sh2m smh 

The function v0(o, ~) is determined from Eq. (31) and the boundary conditions (32) by separation of 
variable s: 
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k~(1--k~) - - A  . 
J~ (k~t.) e_U.~, 

Vo (P, 0 = cosh m '~= '  ~*nN,~ a R,~ (r) 
w h e r e  

j R , .  = do #~,o), 0 < p < G" 

I jo(V~p)y~( iz~)_j l ( t~)yo(~t~p ) Jo (~ka), 

k ~ < p <  I; 
1 

0 

9 
@ g~ ka J5 (Ix,k~) (ka - -  1) 

4 J02(~k~) } 

' =~ [Jo (9~k~) Y, ( . ~ j - -  J, (~%) Yo (~k~) l  2 

and ~n r e p r e s e n t s  the  p o s i t i v e  r o o t s  of the  t r a n s c e n d e n t a l  equat ion  

[k~. Jx (k~) Y0 (k<~u) - -  J0 @.u) Y~ (ka~)] J~ (~) 

- -  J~ (k~,u) J~ (k~a) (k;. - -  1) Y~ (~) = O. 

T o  d e t e r m i n e  the  funct ion  w2 we need to  m m l y z e  the  fo l lowing p r o b l e m  f o r t h e  funct ion w4: 

1 0 [' Ow, ) O~w~ 
r Or \ 0," J Ox ~ 

waI,= o finite, Ow~ = - -  Aw,.I~=~; 
Or [ r= l  

= - _ " 

T a k i n g  E q s .  (25) in to  accoun t ,  we r e w r i t e  Eq .  (37) a s  fo l lows:  

1 O (rOW,] 
r Or , Or ] 

d*wo r" d~w2 , 0 < r < k~, 
dx 4 4 dx 2 

= t 2 d~vo 
i 

#w0 r~ (1- -k~ . )  G In r 
| t dxa 4 2 k~ dx a 

I n t e g r a t i n g  (39), we obta in  

(35) 

d 4 ~ o  r $ 

dx 4 64 

d@ o r ~ 
w~ = dx* 64 

d %  

"dx 2 

(36) 

(37) 

(38) 

d@.., k~ <( r < 1. (39) 
dX2 ' 

d2w2 r~ -" Dlnr - -7~ , (x) ,  O < r < k ~ ,  
dx 2 4 

k2 d@~ rZ ( ) 
= I n - - - -  1 (1 - -  k~.) r 

2 dx ~ 2 k a 

r~ ~ D  lnr ' w4(x), k ~ < r < t {  ~ 
4 ' 1 ~- (40) 

The  t e m p e r a t u r e  and h e a t - f l u x  m a t c h i n g  condi t ions  s t ipu la te  the  fo l lowing r e l a t i o n s  be tween  the  cons tan t s :  

k 4 d@ o 
w~ (x) = W, (x) - -  (I - -  k~) ~: D 1 In k~; 

8 dx ~ 

D~ d~-v32 k~. (k~ - -  1) - -  3 k~ (k~ d@~ 
d.~ 2 ~ -  - -  1) - ~ d  (41) 

The  condi t ion f o r  so lvab i l i t y  of the  p r o b l e m  f o r  w 4 p e r m i t s  u s  to  d e r i v e  a d i f f e r en t i a l  equa t ion  f o r  the  e v a l u -  
a t ion  of the  funct ion  ~2: 
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dSw2 m~w2 ~ E.~osh m(1 - -  x), (42) 

w h e r e  = ...... ~ ..... :_ 

a (k~-- I) 4 (I "k~) , 

subjec t  to  the  bounda ry  condi t ions  " 

= o, -&-x=, = (43) 

The d i m e n s i o n l e s s  heat  f lux c h has  t o  be d e t e r m i n e d  f r o m  the  condi t ion fo r  so lvabi l i ty  of the  p r o b l e m  f o r  
the  funct ion v l .  

The  funct ion vi(o,  ~) s a t i s f i e s  (31) and the  boundary  condi t ions  

f A m 
I - -  _ ,sinhm, O < r < k a ,  

k~ 2 cos h~ av, I 

aS ~=0 = q~ - -  I m 
I A - - s i n h m ,  k ~ < r < l ;  

2 cosh 2 m 

av, = O, v, Ip= o finke, 

~: ao, . 

v,Ip=k _0 = v,]o=k~+o , k~. ~ ,o=~-0 -- Op .=k~+0 (44) 

the  condi t ion fo r  so lvabi l i ty  of the  p r o b l e m  fo r  v 1 

A msinhm, mdnhm_ ^ 
. - - - a p  p A  " a p = u  

pkxqodp + pq~dp - -  kaP k~ 2 cosh 2 m 2 cosh z m 
0 /~a " 0 k a 

d e t e r m i n e s  the  va lue  of the  d i m e n s i o n l e s s  hea t  f lux q2: 

1 maSinhm 
q2 ---- 4 cosh 2 m" (45) 

Consequent ly ,  p r o b l e m  (42)-(43) can now be solved in expl ic i t  f o r m  f o r  the  d e t e r m i n a t i o n  of w2: 

~2 2 - _ _ _ _  xsLuhm (1 - -  x). (46) 
mcosh m ~ 4 cosh 2 m 2 ) 2m 

The  n e x t - h i g h e r  t e r m s  of the  expans ions  (19) and (30) can  be computed  ana logous ly ,  w h e r e  the bound-  
a r y  condi t ions  f o r  the  funct ions  wi+ 1 a r e  d e t e r m i n e d  by the  condi t ion fo r  so lvabi l i ty  of  the  c o r r e s p o n d i n g  
p r o b l e m s  fo r  the  funct ions  v i .  

The  final  solut ion can be extended to  sma l l  va lues  of the  p a r a m e t e r  ~. The  given solut ion has  the  
singular feature that the dependence on the radius is felt only in the second-order terms in e. The problem 
can therefore be regarded as one-dimensional with a small correction for the radial variation of the funda- 
mental parameters. The proposed analytical method can also be extended to other cases of boundary con- 
ditions. In particular, it can be used to solve the problem of the steady-state temperature distribution in 
a double cylinder with nonideal contact between the inner and outer cylinders. 

T 
X, r 

J = (T--TL)/(To--T L) 
Bi = ~r2/X 

k 
r i  
I 

NOTATION . 

i s  the  abso lu te  t e m p e r a t u r e ;  
a r e  the  cy l ind r i ca l  coo rd ina t e s ;  
i s  the  d i m e n s i o n l e s s  e x c e s s  t e m p e r a t u r e ;  
i s  the  Blot  num be r ;  
is  the  h e a t - t r a n s f e r  coeff ic ient ;  
i s  the  t h e r m a l  conduct iv i ty ;  
i s  the  r ad iu s  of the  i - th  cy l inder ;  
i s  the  he igh t  o f  the cy l inde r ;  
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q(r) 
J0(z), Jl(z), u Yl(z) 
e = r 2 / 1  

k = r l / r2 ,  k x = ~I/~2 

is a weighting function; 
are  Bessel functions of the f irs t  and second Mnd; 
is the small parameter  of the problem; 
are  dimensionless coefficients. 

1. 
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3. 
4. 
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